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In [ 11, the finite groups of Lie type and odd characteristic, distinct from 
L,(q) and *G,(q), were characterized in terms of certain subgroups 
isomorphic to SL,(q), termed fundamental subgroups. This characterization 
is a valuable tool in the effort to classify the finite simple groups. In 
addition, the fundamental subgroups can be used effectively to investigate the 
groups of Lie type and odd characteristic, and it is this fact which the 
present paper seeks to exploit. Toward that end, certain general results about 
fundamental subgroups are established in Theorems 1 through 4. Then these 
results are used to establish some theorems about extensions of groups of Lie 
type and the subgroups of such extensions containing a Sylow 2-subgroup of 
the group. As a corollary, Theorems A and B are derived, which determine 
the known finite groups in which a Sylow 2-subgroup or an elementary 
abelian 2-subgroup is contained in a unique maximal subgroup. Theorems A 
and B, and the various technical results established here, are in an important 
part of the investigation in [2-4] of groups of characteristic 2-type. Before 
the various theorems can be stated, more terminology and notation are 
required. 
Let q = pe be a power of the odd prime p and G(q) the set of simple 
groups of Lie type over GF(q). That is, G(q) consists of the ordinary simple 
Chevalley groups defined over GF(q) together with twisted groups *A.(q), 
‘D,(q), ‘E,(q), and 3D4(q), and the groups ‘G,(q) for q = 32m+‘. Set 
G*(s) = G,(q) - {G(q), *G,(q)l. 
Of course A,(q) = L,, ,6-f), *4(q) = U,(q), B,(q) z Q2,+ ,(q). C,(q) z 
PSp,,(q), D,(q) ZG O&(q), and *D,(q) E a?,,(q), and each of these groups 
has a “natural” projective representation over GF(q), or over GF(q2) in the 
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case of U,(q). It is also convenient to have the notation L;(q) = L,(q), 
J% (4) = U,(q)9 J% (4) = J%(q)9 and E;(q) = ‘E,(q). Also let 7c = f with 
q s (71. 1) (mod 4). 
Let L E G*(q). If L z Uzn+ ,(q), I depart slightly from the convention in 
[ 1 ] for the root system of L. Namely, Seitz informs me that L should be 
regarded as possessing a root system of type B, U C,, with three root 
lengths rather than two, and root groups of order q, q3, and q*, where a root 
group of the first type is a long root group and is the center of a root group 
of the second type. With this convention for U2,,+ ,(q), if U is a long root 
subgroup of any L in G*(q), I.- its negative, and K = (U, U-), then 
K E SL,(q). Set Q(L) = KL, unless L z$ G,(q) or 3D,,(q), where R(L) = 
KL U K,L, and K, E SL,(q) or SL2q3), respectively, is generated by a short 
root group and its negative. R = Q(L) is the set of fundamental subgroups of 
L. This definition departs slightly from the conventions in [ 1 ] for the group 
3D 4(q)r but it seems to me now that the present convention is more advan- 
tageous. In addition these definitions can be extended to most perfect central 
extensions of L. For example, if L* is the universal group of Lie type with 
L*/Z(L*) E L and K E Q, there is a fundamental subgroup K* of L* 
isomorphic to SL,(q) (or possibly SL,(q3) in the case of 3D,(q)) generated 
by root groups and mapping onto K under the natural homomorphism. On 
the other hand if i is a perfect central extension of L, then either t is the 
image of L* or L z Q,(3) or G,(3) and 3 E x(2(L)). Hence the remarks 
below are also applicable to all but these unusual perfect central extensions. 
Let R(L) be the set of Sylow 2-subgroups of members of R(L) = $2. The 
members of R(L) are quaternion. U(L) consists of those cyclic subgroups of 
L of index 2 in some member of R(L). If SE R(L)U U(L), then S is 
contained in a unique member K(S) of Q. For K E 0, let z(K) be the unique 
involution in K. Also define 
V(L) = {JE l2: z(K) = z(.Q}. 
V(K) = (K) exactly when L is not G,(q), 3D,(q), or an orthogonal group. If 
L is orthogonal, L* is its universal group, and K* E fi(L*), then 
V(K*) = {K* }. If V(K) # {K}, then either 1 V(K)/ = 2 or L r Q:(q) and 
/ V(K)1 = 4. 
Let TE Syl,(L). Define 
Fun(T) = {K(R): R E R(L)n T}, 
p(L) = NL(Fun(7’))FUn(T), 
Here we use the convention that if A is a set of subgroups of L and H < L, 
then H n A denotes the members of A contained in H. If H acts on A, then 
HA denotes the group of permutations induced on A by H. 
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Notice that if L g G, then G acts on 0 and we can define Fun(S) and 
p(G), where S E Syl,(G). Similarly if H < G with Hn 0 nonempty, we can 
define Fun(P) and p(H), where P E Syl,(H). Furthermore, most other 
concepts we will be mentioning inherit to G and H. 
r(T) is defined to be the collection of subsets q of U(G) n T of maximal 
order subject to K(U) # K(V) for each pair of distinct members U and V of 
r. Let q(L) consist of those r such that, for some T E Syl,(L), q E ~(7’) and 
r,r is T-invariant. By 6.9 in [ 11: 
(1.1) (1) q(L) is nonempty. 
(2) If q E q(L), then (q) is abelian and (q) n U(L) = q. 
(1.2) Let q E (L) f7 T. Then either 
(1) rl is weakly closed in T with respect to L, or 
(2) KnTER(G)foreachKEfi with IKnTl>2. 
Prooj L is transitive on B unless L s G*(q) or 3D,(q), so 6.12 in [l] 
establishes the remark, except in the latter case. Even there the proof of 6.12 
in [ 1 ] is applicable, since if L z G,(q) or ‘D,(q), Fun(T) contains a unique 
member from each of the two orbits of L on 0. 
We recall next that by 6.2 in [l] 
(1.3) Distinct members of Fun(T) commute. Indeed for R, S E R(L), 
[R, S] = 1 if and only if [K(R), K(S)] = 1. 
Then (1.2) and (1.3) imply 
(1.4) L is transitive on q(L). 
Let sEq(L)nT, W=(r), D=R(G)nN(W), M=(D), and M*= 
M/O(C,(w)) W. BY (1.4), M* is determined up to conjugacy in L, so 
M* =,u(L) is an invariant of L. As Thompson was the first to realize the 
significance of this section, it seems appropriate to call p(L) the Thompson 
group of L. 
From 7.1 and Theorem 3 in [ 1 ] we obtain 
(1 S) Either 
(1) L z G,(q) or 3D,(q) and p(L) r D,?, or 
(2) D* is a set of 3-transpositions of M*. 
We can now state the major results of this paper; actually Theorem 1 is 
fairly well known and is stated here only for the convenience of the reader. 
THEOREM 1. Let L E G*(q), K E fl, X= (a n C(K)). Then 
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(1) IfL % L;(q), then X= 1. 
(2) ZfL z L;(q), n > 3, then X/Z(X) % L:-*(q). 
(3) If L 1 G,(q), Wq), O,(q), or R;(q), then X E S&(q). 
(4) Zf L 2 Q,‘(q) or O’,(q), n > 8, then X/Z(X) % L,(q) X %,(q). 
(5) IfL z PSp,,(q), then X/Z(X) z PSp,,-,(q). 
(6) If L z F4(q), then X/Z(X) z P@,(q). 
(7) IfL r E;(q), then X/Z(x) g L:(q). 
(8) IfL z E,(q), then X/Z(X) z R:,(q). 
(9) IfL z E*(q), then X/Z(x) z E,(q). 
(10) rf L z 3D,(q), then X z S&(q) or SL,(q3). 
THEOREM 2. Let L E G*(q), TE Syl,(L), and m = IFun(T)(. Then 
(1) ZfLrL;,+,(q) or I’S&,(q), O<agl, then m=n and 
p(L) z s,. 
(2) ZfL ~.R;,+a 4 9 ( ) 1 <a Q 3, or f?,+,(q), then m = 2n and 
p(L) g E2nS,. 
(3) Zf L z Q&(q), then m = 2n and p(L) r E2”-l S,. 
(4) Zf L E F,(q) or E;(q), then m = 4 and p(L) r S,. 
(5) Zf L g E,(q), then m = 7 and p(L) z L,(2). 
(6) Zf L z E,(q), then m = 8 and p(L) z &L,(2). 
(7) Zf L r G,(q) or ‘D,(q), then m = 2 and p(L) = 1. 
THEOREM 3. Let L E G*(q), z = f , and q = (K 1) (mod 4). 7’hen 
(1) IfL z L;(q), then p(L) z S,. 
(2) If L z L;,“,,(q), 0 < a ( 1, or PSpzn(q), then ,u(L) z Ezn, 
(3) If L g cl(q), J-L+ 1(q), or i2;“;2(q), then p(L) z Wyl(D,,) s 
Sln/EZz”-, .
(4) 0-L ~~L+&h J4,+dd7 or Q&,+,(q), then P(L) = 
WYW zn+ d = Szn+ l/G.. 
(5) Zf L r G,(q) or 3D4(q), then /J(L) r D,,. 
(6) Zf L z Pa(q) or E;“(q), then ,u(L) z Wyl(D,). 
(7) IfL z E:(q), then p(L) E Wyl(E,) g O;(2). 
(8) If L r E,(q), then p(L) r Wyl(E,) % Z, X Sp,(2). 
(9) u L % E,(q), then p(L) g WyI(E,) % 0,‘(2)/Z,. 
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THEOREM 4. Let q&q(L), W=(q), M= (~(L)n~(~}. Then 
Cd w = ~~(CMW). 
Given a finite group G, let M be the set of maximal subgroups of G and 
for XcG let X(X)= {NEM:XCN~. 
THEOREM A, Let G be a finite group with F*(G) = L a known 
nonabelian simple group, TE Syl,(G), and J’(T) = (M). Then one of the 
following holds: 
(1) L Z L,(P), Sz(29, or U,(2”) and M= I?o(Tn L). 
(2) L ZAzn+1 and M is the stabilizer in G 2 AZ”+, or S,. + , of a point 
in the permutation representation of degree 2” + 1. 
(3) L E L,(2”) or Sp,(2”), M= No(Tn L), and T acts nontrivially on 
the Dynk~n diagram of L. 
(4) L z L,(q), q > 5 odd, and h4 = N,(Z(T)) with Z(T) of order 2. 
(5) L z L$“, ,(q), q E x (mod 4), M is the stabilizer of a nonincident 
point-hyperplane pair of the natural projective module for L, and if a = - , 
then T acts nontr~uiaily on the Dynkin diagram of L. 
(6) L z a2”+,(q), q odd, and M is the stabilizer of a subspace of 
dimension 2” and sign + of the natural projective module for L. 
(7) L z R$,12(q), q = n (mod 4), M is the stabilizer of a subspace of 
dimension 2” and sign + of the natural projective module for L, and T is not 
contained in OZn+ 2(q) extended by the group offield automorphisms, 
THEOREM B. Let G be a finite group with F*(G) = L a known 
nonabelian simple group, A an elementary abelian 2-subgroup of G, and 
N(A) = {M). Then G z L,(2”) or Sz(2”) and M is the normalizer of a 
Sylow 2-subgroup of G. 
The known nonabelian simple groups consist of the groups of Lie type, the 
alternating groups, the groups of Ree type, the 24 sporadic groups known to 
exist uniquely, and the groups of type F, and J4. The restriction in 
Theorems A and B that F*(G) be simple is not substantive but is made to 
simplify the statement of the theorems and highlight the cases of interest. 
See, for example, Lemma 5.2 in Section 5. If G zz Lz(2”) or Sz(2”) and A is a 
nontrivially elementary abelian 2-subgroup of G, then l&“(A)1 = 1. On the 
other hand, not all groups hsted in the conclusion of Theorem A satisfy the 
hypothesis of that theorem. For example, if L is of Lie type over GF(q), 
q = pe, p an odd prime, then e must be a power of 2, or else the centralizer 
of a field automorphism of odd order contains a Sylow 2group of G. Still I 
believe that the techniques in this paper suffice to show that each class of 
groups listed contains members atisfying the hypothesis, although I have 
not attempted to write out a proof that this is so. 
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This section closes with a technical lemma which increases the effec- 
tiveness of Theorems 1 through 4 in studying the numbers of G*(q). A D- 
subgroup of p(L) is a subgroup generated by members of D*. 
(1.6) Let L E G*(q), H = (H n f2) < L, and a E q(H). Then 
(1) a is contained in some member of q(L). 
(2) ,u(H)/Z is a D-subgroup ofp(L) for some subgroup Z of Z(u(H)) 
covered by C(a) n (R(H) n N(a)). 
ProoJ Let S E Syl,(H) with a c S. Adopt the notation established 
earlier in this section with S < T. Suppose U E a - Q. By 6.8 in [l] there is 
VE~nK(U) with R=(U, V)ER(L). By (1.2), aEN( so a acts on V 
and U, and then a - {U} s C(R), so that (a - {U}) U {V} is conjugate to a 
under K(R). But then (1) follows by induction on 1 a n r,rj. 
So to prove (2) we may a c q. Set W, = (a), D, = R(H) n N( W,), 
etc.ThenforRED,,RnW,=RAW(lRW,so[R,W]<RnW,<W, 
so WIIM,, and ( W n MJX/XW, < Z(M,/X W,), where X = 
O(C( W,) n MH). Then [ W, X] = 1, so X = Y f7 MH, where Y = O(C,( IV)). 
Therefore p(H) = MH/ W,X = MH/ W,( Y n MH) z MH Y/W, Y with MH Y/ 
W, Y/( W n MH) Y/W, Y g MH Y/WY < M/YW = ,u(L). Moreover MH = 
(MHn D), so the image of MH in p(L) is a D-subgroup of p(L). Thus (2) 
holds. 
Lemma 1.6 tells us that only certain subgroups of L can be generated by 
numbers of 0. For example, if H is the image of a universal group of Lie 
type then by Theorem 4 and Lemma 1.6, p(H) <p(L), while @!Z) and p(L) 
are known by Theorem 3. Going further, if L E L;“(q) or PSp,(q), then 
p(L) is abelian, so p(H) is abelian and hence Z-Z/Z(H) z L;“(q) or PSp,(q). 
2. THE CLASSICAL GROUPS 
Let q = pe be a power of the odd prime p, n = q (mod 4), L E G*(q) with 
L a classical group, TE Syl,(L), A = Fun(T), K E A, q E q(L) n T, 
W= (q), D=R(G)nI?(W), M= (D), and M* = M/WO(C,(W)). Let Vbe 
the natural projective module for L. We consider decompositions 
of V, with the convention that the decomposition is orthogonal if L is 
unitary, symplectic, or orthogonal, where a form ( , ) is defined on V, i.e., 
(U, W) = 0 for distinct U, W in r. For B C_ I’, write G(@,,, 17) for the 
image in L of the subgroup of the isometry group of V acting on BUEe U 
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and centralizing each subspace in r - 8. By convention, if X < L, C,(X) and 
[V, X] denote C,(X,,) and [V, X0] for some subgroup X0 of the isometry 
group O(v) mapping onto X, with X,, n Z(O( v)) = 1 if possible. Sometimes 
this involves some ambiguity; for example, different choices of X0 may 
involve interchanging C,,(X) with [I’, X]. In such case we often choose X0 to 
minimize the dimension of [I’, X]. From the discussion in Section 1, K has a 
canonical preimage in O(v) which defines [V, K]. Also by convention, if 
V= [V, X] @ C,(X) (e.g., if X is a @-group or X = K), then G( [ I’, X]) is 
defined with respect o this decomposition. 
(2.1) Let L 2 L’ 2n+a(q) with 0 < a < 1 or PSp,,(q). Then 
(1) dim([ V, K]) = 2 and K = O,(G([ V, K]). 
(2) LetJE0. Then [J,K]=l ifandonlyif[V,K,J]=[V,J,K]=O. 
(3) Let J E 0 - {K} with [J, K] # 1. Then U(K) n N(J) is nonempty 
if and only if L z L;(q) and dim(C,(J) n [V, K]) = dim(C,(K) n [V, J]) = 
dim([V,K]n[V,J])= 1. 
(4) There exists a decomposition 
v= V,@ v, @ ..’ @ v, 
with dim V, = 2 for 1 < i < n, and dim V, = (I, such that 
d={K,: l<i<n) and Ki = OP’(G( Vi)). 
(5) P(L) = s,. 
(6) IfL 2 L;/+,(q) or PSp,,(q), then p(L) 2 E,,. 
(7) If L z L;(q), then there exists a decomposition 
v= U,@ ,.’ @ u, 
such that 
{K(R): R E D} = {Ktj: 1 ( i < j< m} and K, = OP’(G(Ui + Uj)). 
(8) If L g L;(q), then p(L) z S, . 
(9) (C,(K))/Zt(C,(K))) g 1, CL,(q), pfQ4dd for L ~L;(qh 
L;(q), m > 3, PSp,(q), respectively. 
(10) ~o(cMtw) = CMVV. 
Proof. K is generated by the root groups of a pair of transvections, so 
(1) holds. (1) implies (2). 
Let JEa-{K} with [J,K]#l. IfLgL;(q) and C,(K)n[V,J]=V,, 
C,(J) n [V, K] = V, , and [ V, K] n [ V, J] = V, are of dimension 1, then 
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there is (a) E U(K) such that with respect to the decomposition 
V, @ Vz @ V,, a = diag(1, 1, A-‘), where 1 is a generator of a Sylow 2- 
group of GF(q) or of a subgroup of order q + 1 of GF(q*) for 71 = + or - 
respectively. Then (a) Q N(J). Conversely suppose U E U(K) n N(J). 
[V,Kl= IV, Ul and C,(K) = C,(v), while U acts on [ V, J] and C,(J). 
Hence by (I) and (2) we get a decomposition [ V,J] + [V, K] = 
V, @ V, 0 V, as above with U = (a). But if V is sympletic, then all points 
are singular, so there is no orthogonal decomposition [V, K] = V, @ V, into 
l-dimensional subspaces, while if L z L’,(q), then as a is faithful on V, or 
Vj, 7c = E. Thus (3) holds. 
(1) and (2) imply (4). In G( Vi + Vi) there exists a 2-element interchanging 
Vi and Vj, and hence inducing a transposition on A. So (5) holds. (3) implies 
(6) and (7). Moreover if L E L;(q), R E R(K,,), and r E R - W, then 
Ul = U,, so r induces a transposition on ( Ui: 1 Q i < m} = r, and Mr z S,. 
Also it is evident that M, = C,(W) = O(C,,,(W))W, so (8) and (10) hold. 
Set X= (C,(K)). From (1) and (2), X= Op’(G(C,(K)), so that (9) holds. 
(2.2) Let L z Q’,,+,(q) with 0 Q a Q 4, E = + ly a = 0, and E = - if 
a = 4. Then 
(1) [V, K] is of dimension 4 and sign +. 
(2) OP’(G( [ V, K])) = K * K* with K* E V(K). 
(3) LetJEQ-{K*}. Then [K,J]=I ifandonlyif[V,K,J]=O. 
(4) Let J E $2 - {K} with [K, J] # 1. Then U(K) n N(J) is nonempty 
if and only if C,(K)n [V,J], c,(J)n [V,K], and [V,K]n [V,J] are of 
dimension 2 and sign 71. 
(5) There exists a decomposition 
of V with Vi of dimension 4 and sign + for i > 0, and dim V, = a, such that 
A= {K,,KF: 1 <i<n} and KiK; = OP’(G(Vi)). 
(6) Let X = (C,(K)). Then X= K* if n = 1, whiZe X/Z(X) g 
L&) X G,,-,,+,(q) ifn > 1. 
(7) IAl = 2n. If 1 < a < 4, then p(L) z EznS,, while if a = 0, then 
p(L) z E2”-,Sn. 
(8) There is a decomposition 
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with Vi o~dime~~o~ 2 and sign K for 1 < i Q m, dim tJ, Q 2 with U, of sign 
--71 in case of equality, and such that 
and K,KC = OP’(G( Vi + Uj)). 
(9) ,u(L) z S,,,/E2+~, where m is defined as in part (8). 
WV WO(C,4Aw)) = CdW- 
Pro& Parts (1) and (2) are well known and imply (3). 
Let JER-{K) with [K,J]# 1. If V, = C,(K) n [K Jl, vz = C,(J) n 
[V,K], and V3= [V,K]n [V,J] are of dimension 2 and sign K, then we can 
choose u of order 1 q - rr Iz in K so that u acts on V, . Then (u} E U(K) acts 
on ] V, J] = V, + V, , so ti E N(J). Conversely, assume U e U(K) n N(J). As 
[K Jl f 1, J= [J, z(K)], so z(K), and hence also U, is faithful on f V, 51. By 
(l.l), U centralizes a member of U(J), so by 15.8 in [I], [V, J,z(K)] = 
[V, J] n [I’, K] is of dimension 2 and sign n. As [V, J] and [V, K] are of 
dimension 4 and sign f, we conclude [V, J] R C(K) and [Y, K] n C(J) are 
also of sign K and dimension 2. Thus (4) holds. 
(1) through (3) imply (5) and (6). Define a(K) = (K, K*]. Evidently 
CX(K)~(‘) =r is a system of imprimitivity for N(d) on d. G(V, + V,) 
contains a 2-element t with V, = V, , so A$@ z S, . Evidently N(d): < E,. . 
As G(V, + V,) contains a 2-element s with KS = KF and KS = Kf, ~~~)~ g
I+ or E,,. If a # 0, then G( V, + V,) contains a 2-element r with K: = KT, 
so N(d): z E,,. Finally suppose a = 0 and N(d): z E2”. The some x E N(d) 
induces a transposition on d with cycle (K,, KT). But then x induces an 
isometry on V, of determinant -1, while as x fixes each member of 
d - a(:,), x has determinant +1 on Vi for i > 1. Hence x has determinant 
-1 on I’, a contradiction. So (7) holds. 
(4) implies (8). By (8), it4 acts on 0 = (U, ,..., U,,,} with C,(w) < M,. 
Let RER(K,,)nLk Then R@=(U,,U,), so MezS,. Let rER- W, 
S E R(KT,) n D, and s f S - W with c = rs an involution. Then E* = (t*“) 
is an abelian subgroup of Mg with fR*, E*] < (t*). So E*/C,.(M) is the 
natural module for M/C,(E*) 2 S,. Further t induces a reflection on U, 
and U, and [V, t] < U, + U,. Thus if m is even, there is e* E C,.(M) which 
induces a reflection on each member of 6. In particular e inverts W, so 
e* # 1 and hence E” z E2,,-‘. Moreover C,(W) is the subgroup 
O(C,(W))W of L inducing scalar action on each Vi, so M* G S,/Ezm-, and 
(9) and (10) hold. 
(2.3) Assume L z ~~(4). Then either 
(1) N,Wn WK VI) is irreducible on C,(d), or 
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(2) L g Q&+,(3) and N,(d) preserves two nondegenerute l- 
dimensional subspaces of C,(A), but neither singular subspace. 
Proof. d determines a decomposition as in (2.5) with V@ = C,(d) and 
V, = [K, V]. From this we see that H = N,(d) n N( [K, V]) induces the full 
isometry group on V,,. This H is reducible on V, if and only if q = 3, I’, is 
of sign + and dimension 2, and H acts on the nonsingular, but not the 
singular points of V,. 
(2.4) Let L z Q’,(q), A a no~s~n~~~r point of Y, and H = O~‘~~~~A)). 
Then (N,(A)} =X(H). 
Proof: Let 5?’ be the graph on r= AL obtained by joining orthogon~ 
members of K Observe that g is of diameter 2. For as m > 4, if B E r, then 
(A + B)‘n r is nonempty. In particular Z is connected, so as H is transitive 
onA’nr,L=(H,P)wheneverA”<A’. 
Suppose now that M E N(EI) - {N,(A)} and let g E M - H. As Y is of 
diameter 2 there is A” < (A + Ag)f Let X= H”. As G = (H, X) z$ M, 
Xf (Hn X, Hp17 X), so by induction on the order of L, m = 5. But now 
X/Z(X) r Of(q) and Op’(Xn H) = Op’(CX(r)), where r induces a reflection 
on X, so as X f (H n X, Hg f? X), q = 3. Then L z P@,(3) z U,(2) and the 
lemma can be verified directly; for example, the maximal subgroups of L are 
listed in [ 111. 
3. THEOREMS 1 THROUGH 4 
In this section we prove Theorems 1 though 4. Let q = pe be a power 
of the odd prime p, q = n(mod 4), L E G*(q), K E Q, X= (C,(K)), 
2-E Syl,(L), r E zl(L) n r, W==(q), D=R(L)nN(w), M=(D), 
M* = M/ WO(C,(JV)), and A = Fun(T). Take K E A. 
By (2.1) and (2.2) we may assume L is not a classical group, so 
L 2 G(q), 3Wd, F,(q), G(q), 4(q), or E,(q). The results are essentially 
trivial if L E G,(q) or 3D,(q), so we may assume L neither group. The proof 
of Theorem 1 is completed in 29.5 of [ 11; see, for example, Table 29.5. 
From Theorem 1, X/Z(X) z PSp,(q), L:(q), $2:2(q), or E,(q), respectively. 
Hence by induction on the order of L, Nx(A)’ = S,, S,, S,, or L,(2) with 
d - {K) of order 3, 3, 6, or 7, respectively. As N(d)A is a transitive 
extension of N(d): and N&f)’ g N(d);, Theorem 2 follows. 
It remains to establish Theorems 3 and 4. Let R E D. Without loss, 
K = K(R). Set OR* = C,,(R) - R *. Applying induction to X, and using 
Lemma 1.6, we conclude 
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(3.1) (l)zfLzF,(q)orE,“(q), then (DR*)EE8. 
(2) IfL 2 E;(q), then (DR*) z S, . 
(3) If L z E,(q), then (Dz) z S,/E,5. 
(4) If L : E,(q), then (Dz) z Z, X Sp,(2). 
Assume now that L is a counterexample to Theorem 3 or 4. 
(3.2) L is not F4(q) or E;“(q). 
Proof. Otherwise by Theorem 2, ]@*)‘I = 4, while by (3.1) the natural 
graph g(D*) on D*, obtained by joining commuting elements, is discon- 
nected with connected component (R*)’ = {R*} U D$. On the other hand, L 
contains a subgroup Y= (Yn Q) with Y/Z(Y) z f?,‘(q) (e.g., Table 29.5 in 
[ 11. By induction, p(Y) z Wyl(D,). Hence by 7.10 in [l] and Lemma 1.6, 
p(L) 2 Wyl(D,) and WO(C,(w)) = C,(w), contradicting the choice of L 
as a counterexample. 
(3.3) (1) (Di) is transitive on Di. 
(2) (Djf) is nonabeliun. 
(3) If S* E Di, then 0; n Dz is nonempty. 
(4) M is transitive on D*. 
Proof: As D* is a set of 3-transpositions of M*, (1) through (3) follow 
from 3.1 and 3.2, and imply (4). 
(3.4) o&4*) < z(M*). 
Proof: As D* is a set of 3-transpositions of M*, by 2.1.3. and 2.1.4 in 
[lo], it suffices to show 
(i) {S* ED*: (S*)‘= (I?*)‘} = {R*}, 
(ii) (S* E D*: D,, = DR,} = (R*}. 
But this follows from (3.1) and (3.2). 
(3.5) @(D*) is connected. 
Proof: See 7.10 in [l] and (3.3(2)). 
(3.6) One of the following holds: 
(1) L 2 E,“(q) and M* z O;(2). 
(2) L z E,(q) and M* g Sp,(2) or Z, x Sp,(2). 
(3) L g E,(q) and M*/Z(M*) g O:(2). 
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Proof: This follows from the previous lemmas together with Fischer’s 
classification of groups generated by 3-transpositions [lo]. 
(3.7) L is not E,“(q). 
ProoJ: If so, as L is a counterexample, by (3.6), M* rO,‘(2) g S,. But 
L contains an Q-subgroup Y with Y/Z(Y) g Q:,,(q). By induction and 
Lemma 1.6, S,/E,, g p(Y) <p(L), contradicting p(L) ~7,. 
(3.8) L is not E,(q). 
ProoJ LetL~E,(q),(.z*)=Z(M*).Ifz*=1,thenR*~(D,*),soR< 
(D,t, W)<C(Rn w), a contradiction. Thus z* # 1. Similarly [z, W] # 1, 
so C,( IV)* = 1 and hence WO(C,( W)) = C,(W). 
(3.9) L is not E,(q). 
Proof. Otherwise there is an Q-subgroup H of L with H/Z(H) g Q&(q). 
Therefore by Lemma 1.6 and induction, M* has a S,/E,, subgroup N*. In 
particular by (3.6), Z(P) < Z&f*) and p(L) g 0,‘(2)/Z,. Indeed by 
Lemma 1.6 we may take N = (R(H) n N(a)) for some a s q, and by 
induction, Z(N*) 4 CJa)*, so Z(W) 4 C,(w)*. Thus C,(w)* = 1, so 
C,(w) = O(C,(WW 
This completes the proof of Theorems 1 through 4. 
4. SUBGROUPS CONTAINING A SYLOW ~-GROUP 
In this section q = pe is a power of the odd prime p, q =x (mod 4), 
L E G*(q), G is a group with I;*(G) = L, TE Syl,(G), A = Fun(T), K E A, 
rlErl(G)nT W=(q), D=R(G)nN(W), M=(D) and M*= 
M/WO(C,(W)). If L is a classical group let V be the natural projective 
module for L and adopt the notation and conventions of Section 2. Let 
*J2$ (q) be the extension of 0: (q) by a group of automorphisms i omorphic 
to S, or S,. 
(4.1) Let X E Syl,(K), g E G, and Y = (X, Xg). Then either 
(1) Y is a p-group, or 
(2) YEQ. 
Proof. This is well known. 
(4.2) Let H = [H, K] = O(H) < G. Then H is a p-group. 
ProoJ This follows from (4.1). 
412 MICHAEL AS2HBACHE.R 
(4.3) Assume [A[ = m > 2 and p(G) z S,. Then one of the following 
holds: 
(1) L z L;,+,(q) or pSp,,(q), 0 < a < 1. 
(2) L z O:(q), *Q:(q) 4 G, and m = 4. 
(3) L z F4(q) or E:(q) and m = 4. 
Proof p(L) 4 p(G), so by Theorem 2 either (1) or (3) holds or m = 4 
and L z 0: (q). But then (2) holds. 
(4.4) Assume N,(A)<H<G with [O(H),K]# 1. Then LzL~,,+~(~) 
and N,(O,(H)) is the stabilizer in G of a point or hyperplane of V. 
Proof By (4.2) and a theorem of Bore1 and Tits [6], H < N,(P) for 
some proper parabolic P of L. If H # N,(P), then by induction on 1 G : HI, 
L z Lzn+ ,(q) and N,(P) is the stabilizer of a point or hyperplane of V. But 
then N,(A) is irreducible on O,(P), so O,(P) = O,(H). 
So we may take H = N,(P). If L is a classical group, then P is the 
stabilizer of some subspace U of V, with U totally singular if L preserves a 
form on V. But from Section 2, N,(A) preserves no proper totally singular 
subspace of V, while if L z L,,,(q), a proper subspace U is preserved only if 
m is odd and U is a point or hyperplane. 
So take L to be an exceptional group. If L r G,(q) or 3D,,(q), then A is 
contained in no proper parabolic, so L is neither group. Hence by 
Theorem 2, N,(A)’ is transitive, so the Dynkin diagram r of P is connected. 
Moreover 1 A 1 = 1 A n P 1, so from Theorem 2 and inspection of the connected 
parabolics of L we conclude that L E E,(q) and Op’(P/O,+,(P)) E fl:Jq) or 
Q,t (q). But p(P) = p(L) z S, , so by (4.3), *Q,‘(q) 4 P/O,,,(P), which is 
not the case. 
(4.5) Let T= A - (K}, A = (C(T) n ~2). Then either 
(1) A=K, or 
(2) L z L;,,, l(q) and A/Z(A) z L;(q). 
Proof Proceed by induction on 1 Al using Theorems 1 and 2. 
THEOREM 5. Let N,(A) < H Q G and X = (H n Q). Then one of the 
following holds: 
(1) X=(A). 
(2) X is quasisimple with X/Z(X) E G*(q). 
(3) LZL *,,+,(q) and N,(O,(H)) is the stabilizer in G of a point or 
hyperplane of V. 
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Proof. By (4.4) we may assume G(X) < Z(X). Suppose z(K) E O,(X). 
Then by Theorem 2 in [I], K g X, so X= (A). Hence we may assume 
z(K) & O,(X). Set Y = (Kx). Then by Theorems 1 and 4 in [ 11, Y is 
quasisimple with Y/Z(Y) E G*(q) or q = 3 and YE M,, or Y g ‘D,(q’13). 
Claim Y = X. For if not, Yn d = a is a set of imprimitivity for N(d)“, 
while by Theorem 2, N(d) is 2-transitive on V(K)N(A), so a C_ V(K). Suppose 
(K} #a. Then V(K) # (K}, so L z G,(q), 3D,(q), or Q,(q), and either 
a = V(K) is of order 2, or L z Q:(q). Thus is any either )d ( = 2 or 
a = V(K) and L E Q:(q). But in the last case Y= L, since a,‘(q) is the 
unique group with 1 V(K)] = 4. Hence ] a I= 2. If K is weakly closed in a with 
respect to Y then by Theorem 2, p(Y) z D,, , while p(Y) <p(L) by 
Lemma 1.6 and Theorem 4. Hence L = Y z G,(q) or 3D.,(q) by Theorem 3. 
So we may take a = KYn T. Hence Y/Z(Y) 2 a,,,(q), 5 < m Q 8, and 
L z R,(q). Set I’= A - a and U= C,Q. As [Y, r] = 1, by (2.2) either 
Y < G(U) or L g Q,‘(q) and U= 0. In the second case, translating by a 
graph automorphism we may take Y < G(U). As K is not subnormal in H, 
[Y,V]#[K,V], so [C,(A),Y]#O.N~~~N=N,(A)~N([K,V])<N(Y),SO 
if N is irreducible on C,(A), then U = [Y, I’]. On the other hand if N is not 
irreducible on C,(A), then by (2.3), L z 02” + 2(3) and [Y, V] = U or [Y, V] 
is nondegenerate of dimension 5. In any case (a) is irreducible on [a, V] = 
[K, V], so Y is irreducible on [Y, V]. Thus taking g E N,(A) - N(Y), 
[ Y, V, Y”] = 0. But g acts on C,,(A), so U st [ Y, V] and hence L g Qz” + ,(3) 
and C,(A) = (u)@ (vg), where (u) = C,(A) n [Y, V] is a l-dimensional 
nondegenerate subspace. But (ug, ug) = - (u, v), impossible as g E L. 
We have finally shown that if Y # X, then a = {K). Then r = A - {K} and 
Y< (C,(Z)) =A. As Y# K, we conclude from (4.5) that L z L;,+,(q) and 
Y=A with Y/Z(Y) E L;(q).. But for g E N,(A) - N(Y), [Y, Y”] = 1, so 
[C,(A), Yg] < [V, Y, Y”] = 0, impossible as g E N(C,(A)). 
Therefore Y = X and it remains to show that X/Z(X) E G*(q). If not, then 
X z M,, or 3D,(q1’3). Hence A = {K), so by Theorem 2, L z L;(q). But then 
1x1 does not divide IL I. 
(4.6) (1) Assume [A( = 7 and L,(2) I! p(G). Then L z E,(q). 
(2) Assume 1 Al = 8 and L,(2),?, 4 p(G). Then L z E,(q). 
Proof. This is evident from Theorem 2. 
THEOREM 6. Let N,(A) < H < G with X = (KH) quasisimple. Then one 
of the following holds: 
(1) X=L. 
(2) L =L;,+l(q) and H is the stabilizer of a nonincident 
point-hyperplane pair of V. 
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(3) L r r;,(d or E;(q), H = NJZ), where Z = (z(K) .z(K “): 
g E N(d)), X r 0; (q),‘E‘, and Au&(X) z “$2; (q). 
(4) L r .Ca$,+ 2(3), H is the stabilizer of a nonsingular point of V, and 
x g J&r+ i(3). 
(5) L z O&+,(q), 1 < a < 4, with E = - if a = 4, H is the stabilizer 
of a 4n-dimensional subspace of sign +, and X/Z(X) 2 Q,,(q). 
Proof: Assume otherwise. By Theorem 5, X/Z(X) E G*(q). Also p(X) = 
N.&t)’ a NL(d)’ =p(L). Hence by (4.6), neither L nor X/Z(X) is E,(q) or 
4(q)* 
Set m = Id II Suppose S, z&L) or p(X) and rn > 2. Then by (4.3) and 
Theorem 2, either p(X) z p(L) 2 S, and X and L are described in (4.3( 1)) or 
(4.3(3)), or m = 4, p(L) z S,, L is described in (4.3(l)) or (4.3(3)), 
X/Z(X) z Q:(q), and Au&(X) E *Q,‘(q). Set 
t = n z(A). 
AEA 
Assume t # 1, Then by inspection of the possibilities for L in (4.3( 1)) and 
(4.3(3)), L 2 L” *,,,+,(q) and Y = (C,(t)) r ,SL;,(q). Similarly if t &: Z(X), 
then X/Z(X) 2 L, a contradiction. So f E Z(X) and X < Y. By induction on 
the order of L, X = Y. Now Ei = N,(X) is the stabilizer of the nonincident 
point hyperplane pair C,(X), [I’, X]. 
So t = 1, and hence neither L nor X is isomorphic to L;,, I(q). In 
particular if X/Z(X) z L;,(q), then X is not properly contained in any 
choice for L, a contradiction. So either X/Z(X) z Sp&q) or m = 4 and 
-v-w) g a,+ (41, F*(q), or E:(q). Similarly if X/Z(X) r Sp,,(q), then as 
X -C L, L z L;,(q). Now N(K) n N(d) < N(f) n N(J), where I = (C,(K)) 
and J= (Conx(K)). H owever l/Z(I) r L;,_*(q) and J/Z(J) g PSp,, _ 2(q); 
so by induction, L z L,(3) and J is the centralizer in I of a graph 
automorphism of I. However, some 2-element in N(K)nN(d) induces a 
diagonal automorphism on I which centralizes one member of d - (K} and 
induces an outer automorphism on the other. As J/Z(J) &z PSp,(3) admits no 
such automorphism, we have a contradiction. 
So m = 4. Define 
z= (z(A)z(B):A,BEd) 
and Y = (C,,(Z)). As X/Z(X) z O:(q), F,(q) or E:(q) and t = 1, 
Y/Z z Q$ (q) (e.g. Table 29.5 in [ 1 ] and (2.2)). But if L z L;(q) or PSp,(q), 
then C,(Z) = A, so L z F,(q) or E;(q), and Y = (C,(Z)). If Y = X, then (3) 
holds and we are done, so assume otherwise. Then as X < L, X z F.,(q) and 
L 2 E;(q). Define I and J as above. Then I/Z(r) z L’,(q) and J z Sp,(q), so 
we have a contradiction by induction. 
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Therefore, neither p(L) nor p(X) is isomorphic to S,, m > 2. If L g G,(q) 
or 3D4(q), then m = 2 and p(X) = 1, so X= L. On the other hand, if 
X z G,(q) or 3D4(q), then by Lemma 1.6 and Theorem 4, p(L) contains a D- 
subgroup isomorphic to D,*, so L E G,(q) or ‘D,(q). So neither X nor L is 
G,(q) or 3D4(d. 
Suppose m = 1. Then L z L;(q), X= K, and (2) holds. 
By Theorem 2, we are left only with the case L z Q:(q). Then 
V(K)# {K}, so X/Z(X) z Q;(q). Indeed from Theorem 2 and the 
containments Q,+,(q) < a‘s,+ l(4) < Q Z4n+2(q) < Q4n+3(4) < G+&) we 
conclude m = 2n and (X, L) is induced from the sequence above. Let Ki, 
1 < i < m, be a set of representatives for the sets {V(J): J E A} and define 
t = fi z(Ki) 
i=l 
and y= (C*(t)). 
Then Y/Z(Y) g Q&(q) is invariant under N(A), and NL( Y) is the stabilizer of 
the 4n-dimensional subspace [V, t] = [I’, A] of sign +. On the other hand, 
YE (C, a(t)), so Y < x. 
Let X/Z(X) E f2intb(q). Then by 2.4, X = (Y, J, ,..., Jb), where zi = 
Z(Ji) E C(z(K)) and 
m([V,K]fl [Ji, V])=3. 
Then [V,X]=([Y,V],[Ji,V]: l<i<b) is of rank at most 4n+b; so as 
X/Z(X) g Q&,+,(q), m([ V,X]) = 4n + b and H= ZVL(X) is the stabilizer of 
[K Xl. 
Next N(A) acts on [V, X]. But Y is irreducible on [V, A], while, by (2.3), 
either N(A) n N( [K, V]) is irreducible on C,(A) or L g Q,,+,(3) and N,(A) 
preserves two nondegenerate l-dimensional subspaces of C,(A), but no 
singular subspaces. Hence, other than in this exceptional case, [V, X] = V 
and X = L, a contradiction. In the exceptional case, (4) holds. 
THEOREM 7. Let H = (N,(A), M). Then one of the following holds: 
(1) H=G. 
(2) L = ~%&I) or L,“(q) and H = N,(A). 
(3) L z F,(q) or E;“(q) and H is described in case three of 
Theorem 6. 
(4) L 2 Q,,+,(q) or Q;,,‘!+,(q) and H is described in case (5) of 
Theorem 6. 
Proof. Assume G to be a counterexample and set X = (H n 0). Then 
y(X) %p(L). If p(L) is a 2-group, then by Theorems 3 and 5, (2) holds. So 
Y(L) is not a 2-group, and hence M4 N(A), so H # N(A). Therefore 
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(L, H, X) is described in Theorem 5 or 6. If X is not quasisimple, then case 
three of Theorem 5 holds, contradicting (2.1(8)). 
So X is quasisimple and we may appeal to Theorem 6. If case (2) of 
Theorem 6 holds, then by Theorem 3, p(L) E S2,,+i and p(x) z SZn, 
contradicting p(L) r,u(X). Similarly in case three of Theorem 6, p(L) z 
p(X) r Wyl(D,), by Theorem 3, so a second application of Theorem 3 
implies L z F,,(q) or E;“(q), contradicting the choice of G as a counterex- 
ample. 
So case (4) or (5) of Theorem 6 holds, and L g R;,+,(q). If case (4) 
holds, then by (2.2(5)) and (2.2(8)), H = (h4, N(A)) acts on [ V,d], 
impossible as H is the stabilizer of a point of V. So case (5) holds, and hence 
as p(L) g-(X), L z 0 4n+,(q) or $2;/+*(q) by Theorem 3, contradicting the 
choice of G as a counterexample. 
THEOREM 8. Assume J’(T) = {H). Then one of the following holds: 
(1) L g L>n+ ,(q), H is the stabilizer of a nonincident point-hyperplane 
pair V, and if z = - , then T acts nontrivially on the Dynkin diagram of L. 
(2) L z f12k+ ,(q) and H is the stabilizer of a nonsingular subspace of 
V of dimension 2k and sign +. 
(3) L g QGn+*(q), H is the stabilizer of a nonsingular subspace of V of 
dimension 2k and sign +, and T does not induce automorphisms on L in 
OsT2(q) extended by field automorphisms. 
Proof: Assume otherwise and set H, = (N,(d), M). H,, is described in 
Theorem 7 and H is described in Theorem 5 or 6. 
Suppose L z F,(q) or E;“(q), so that H = H, is described in case (3) of 
Theorem 6. Let t be an involution in C,(lt). Then Y = (C,(t)) g a,(q)/Z, or 
Q a4Yz2 9 and hence T < C,(t) Z& H, a contradiction. 
So L is a classical group. Suppose d # I’# A is an orbit of Ton A, and set 
U = C,(T). Then T acts on G(U), so G(v) < H, contrary to the description 
of H in Theorem 5 and 6, and the description of U in (2.1) and (2.2). 
Therefore T is transitive on A, so m = 1 A ( is a power of 2. By Theorems 5, 
6, and 7, L g L;;, 1(q) or L E ad,,+ 1(q) or O;/+2(q) with m = 2n. 
Suppose L z L2;n; 1(q). If rr = - and T acts trivially on the Dynkin 
diagram of L, then by Theorem 5, T is contained in two distinct maximal 
parabolics of L, a contradiction. So if x = - , then T acts nontrivally on the 
Dynkin diagram of L, and Theorems 5 and 6 imply part (1) of Theorem 8 
holds. 
SoLgO 4n+ 1(q) or a;$+ *(q), and by Theorems 5 and 6 either 
(i) H is the stabilizer of a 4n-dimensional subspace [V, A] of V 01 
sign +, or 
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(ii) L z f2&+,(3) and H is the stabilizer of a nonsingular point of V. 
In particular if L g Qn+, q), ( then part (2) of Theorem 8 holds, so 
L g 04;1”+2(q). But now T induces automorphisms in O;/+,(q) extended by 
fields if and only if T fixes two nonsingular points of V centralized by d. But 
by (2.4), the stabilizers of these points generate L, so T does not induce 
automorphisms in this group, and part (3) of Theorem 8 holds. 
THEOREM 9. Let A be an elementary abelian 2-subgroup of G. Then 
(J-(A)) = G. 
Proof. If not, M(A) =Jy(i’J = {H} for A < T E Syl,(G), so Theorem 8 
is applicable. Evidently G = AL. If L r L?“, 1(q), let X be the subgroup of G 
inducing inners or diagonals on L. If L g O;(q), let X be the subgroup of G 
inducing automorphisms in o’,(q). Let V be the natural module for L. Given 
the restrictions on q (mod 4), T/Tn X is cyclic so 1 A : A n XI < 2. Without 
loss, A is a maximal abelian 2-subgroup of G, so in particular m(A) > 2. We 
show 1 A n XJ < 2, so that m(A) < 2, a contradiction. 
Let a E A n x#. As M(A) = (H}, C,(a) < H. But as a E X and either 
dim V is odd or L g 12?T2(q), a is the image of an involution in the 
isometry group of V, and C,(a) is irreducible on [V, a] and C,(a), unless 
L z R:(3) and [V, a] or C,(a) is of rank 2 and sign +. So as C,(a) < H, 
adjusting by a scalar if necessary: 
(i) If m(V) is odd, either [I’, a] is the stabilizer of the point fixed by 
H, or L is orthogonal, q = 3, and [V, a] is of dimension 2 and sign +, and 
contains the point fixed by H, 
(ii) if m(v) is even, then [V, a] is the 2-dimensional subspace of V 
fixed by H. 
Indeed if b E A n X- (a), then b and ba satisfy (i) or (ii), which implies 
m(A n X) < 1, as required. 
5. THEOREMS A AND B 
In this section G is a finite group, TE Syl,(G), M(T) = (M}, and the 
largest normal subgroup ker,(G) of G contained in M is trivial. 
(5.1) Let 1 #H9 G. Then G=HT. 
Proof: As ker,(G) = 1, H 4 M, so HTQ! M. Hence as M(T) = {M), 
G=HT. 
(5.2) Let H = F*(G). Then G = HT and either 
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(1) H is an elementary abelian p-group for some odd prime p, and T is 
irreducible on H, or 
(2) H is the direct product of the conjugates under T of some simple 
component L of G, and setting S = N,(L), J&(S) = {S(Mn L)}. 
Proof Let K be a minimal normal subgroup of G. By (5. I), G = KT. 
Thus K = O’(G) > H, so H = K. In particular, either (1) holds or H = (Lr) 
for some simple component L of G. Let X E J&(S). Then X< M, so 
MnLs =X. In particular NLs(S) = (S(Mn L)}. 
(5.2) reduces us to the situation where R*(G) = L is simple. We assume 
also that L E .X’, the set of all known simple groups, and that L is 
nonabelian. 
(5.3) L is not of Ree type. 
Proof: If so, L = G and T is abelian while C,(t) r Z, X L*(q) is maximal 
in L for each t E r#. 
(5.4) LfL z A,, then either 
(1) G g S, or A,, n = 2” + 1, and M is the stabilizer of a point in the 
permutation representation of degree n, or 
(2) L z A,, M= T, and G EM,, or Aut(A,). 
Proof See 5.6 in [3]. 
(5.5) Let L be a group of Lie type and even characteristic. Then 
M = TN,(Tn L) and either 
(1) L r L,(2”), Sz(2”), or U3(2”), or 
(2) L E L,(2”) or Sp,(2”) and T acts nontrivally on the Dynkin 
diagram of L. 
Proof Let A be the set of minimal parabolic containing Tn L, Ai, 
l~i~r,theorbitsofTonA,andMi=(T,Ai).Ifr>l,thenM,#G,so 
Mi<M, whereas G=(M,:l<i<r). So r=l and A=A,. But IAil< 
with L g L,(2”) or Sp,(2”) in case of equality. Moreover Mn L is a 
parabolic of L containing no minimal parabolic, so Mn L = N,(Tn L), 
and the lemma holds. 
(5.6) Let L zL,(q), q > 5 odd. Then M= NG(Z(T)) with Z(T) of 
order 2. 
Proof This essentially follows from the list of maximal subgroups of L 
in [9]. As L,(7) z L,(2) and L,(9) 2 A,, we may take q > 9 by (5.4) and 
(5.5). Hence C&z) E Jy‘ for each z E Z(T)#, so that the lemma holds. 
GROUPS OF LIE TYPE 419 
(5.7) Let L be sporadic, z an involution in L with F*(C,(z))= Q 
extraspecial, and Q < T. Then there exists a proper subgroup H of G 
containing T such that G = (C,(z), H) and one of the following holds: 
(1) ]H:T]=3, 
(2) G z M,, and Hz&t,,, 
(3) G E Co, and H/O,(H) zz S,. 
Proof. First, by the classification of groups with a large extraspecial 
subgroup, C,(z) is maximal in G. For if C,(r) < fM < G, then as C,(z) z 
C,(z) and Mf G, L z He and F*(M) z M,, or L,(2) or G EM,, and 
Mr L,(3), or {L, F*(M)} s (HJ,J,}. But then the order of M does not 
divide the order of G. 
Let Q= F*(C,(z)). Suppose gE L - C(z) with zg& Q and set 
K = (Q, Q “>. By 3.8 in [ 13 ], K/O,(K) z S, and II is transitive on Z”, where 
2 = (z, 2”). Thus if 2 4 T we may take H = KT. 
Let n be the width of Q. If n > 2 and L & Co,, then by 3.9 and 12.6 in 
] 131 there exists g E. L - C(z) with zg E Q, and either C,,,,,(QR n C(z)) = 
Z/(z>$ or L z M,,. He, or Sr, or n = 4 and C,(z)/Q % n:(2). In the last 
case by Section 3 in [ 12], I, z Co,. In the first case we may take 
Qg f’? C(z) < T, and hence Z g T, so we are through. 
Thus we are left with L E M2,,, Co,, Co,, Ne, or Sz, or n < 2, in which 
case by 3.4 in [ 131, L z M,,, M12, HJ, or J3. Now if L zz Co,, Sz, HA or 
J3, then C,(z) is transitive on the involutions in Q - (z), so as T acts on 
some 4-subgroup of Q, we may take Z 3 T, and we are done. If L z M,, , 
MZ4, or He, then by inspection (e.g., [7, 141) we may choose Z 4 T. Next if 
L z M, i , then the stabilizer of some point in the permutation representation 
of degree 11 certainly contains T, and, of course, that stabilizer is M,, , so 
that (2) holds. Finally if L z Co,, then J(Tf? L) = E ?Z E,tc with ~~(~)/E z 
Aut(M,,) and (C(z)nN(E))/E z S,/E,,. Moreover, C,(E) = C is a 2- 
group and N,(E) =N,(E)C, so choosing H/C to be the subgroup of 
Aut(M,,) containing T/C with H/C z S,/E,, , (3) is satisfied. 
(5.8) Let L ; Ku and (z} = Z(T). Then there exists a subgroup H of G 
with IH : TI = 3 and G = (C,(z), H). 
ProoS. As Out(L) = 1, G = L. G acts as a rank 3 group on the cosets of 
a subgroup K E ‘Eh(2). In particular, K is maximal in G. Choose notation 
so that S = Tn K E Syl,(K). Then K has two classes of involutions 
with representatives z, and z2, where (z,)= Z(S) and C,(z,) is a 
maximal parabolic of K with C,(z,)/O,(C,(z,)) 2 Sz(2), while 
c,tz,Yo,tGw) z s,. 
Next by Table 1 in ]14], G has two classes of involutions with represen- 
tatives z and r, where C~(z)/O~(C~(z)) z S, and C,(r) E E, x Sz(8). 
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Choose notation so that C,(r) E Syl,(C,(r)) and set T, = n,(C,(r)), 
F = r,, n E(C,(r)), N = N,(F), and 2 = Z,(T). From Demp’wolf [8] we may 
choose F g T and 
(i) N/O,(N) r L,(2) acts naturally on F. 
(ii) Z s E, and C,(Z) < T. 
(iii) T, - F cr r’. 
As IC,(r)l, = 2* < IS] = 2i*, zi E zG. As 3 E n(C,(z,)) but C,(r) is a 3’- 
group, z2 E zG. Thus S is a subgroup of T of index 4 with rc n S empty. 
Therefore, ] T,: T, f-l S I< 4 = I T,, : F], so by (iii), F = T, n S < S. Thus 
Z <F < S so Z < Z,(S). But Z,(S) ?E E,, so Z,(S) = Z, and z1 = z. 
Next as C,(Z) < T and Aut,(Z) ?’ S,, H= N,(Z) = N,W(Z) and 
]H : TI = 3. Moreover, C,(z) and NK(Z) are the maximal parabolics of K 
containing S, so K = (CJz), NK(Z)), and hence as K is maximal in G, 
G = (K, C,(z)) = 0% C,(z)). 
(5.9) Let L be sporadic. Then there exists an involution z E Z(T) and a 
proper subgroup H of G containing T such that G = (H, C,(z)) and one of 
the following holds: 
(1) IH: Tl=3. 
(2) GrM,, and HzM,,. 
(3) G 2 Co,, M,, , or M,, , and H/O,(H) z S, . 
ProoJ: Let z be an involution in Z(T). By (5.7) we may assume 
F*(C,(z)) is not extraspecial, while by (5.8) we may assume L & Ru. By 
Table 1 in [ 141, this leaves L r M,, , M23, J, , HS, MC, LY, ON, Cox, MP), 
or M(23). 
Suppose L 2 M(2n), n = 2 or 3, and let D be the set of 3-transpositions of 
L, A=DnT, and M=N,(A). Then lAl=2n, (A)=C,(A), andM/(A)z 
M,, , Aut(M,,), or M,, acts naturally on A. Then if n = 2, z = d, d, is the 
product of two members of A, while if n = 3, we may choose z E A. By 
elementary theory of 3-transposition groups, G = (C,(z), M). If n = 2, then 
C,(z)/@) z SsIE,, or S,/Ej2, while if n = 3, C,(z)/(A) g M,, . Now from 
[7] we may choose T<H<M with lH:TI=3 and M=(C,,,(z),H), so 
G = (C,(z), M) = (C,(z), H), and (1) holds. 
If LrM,, or M,,, appeal to the list of maximal sugroups of L in 171. 
In the remaining cases either C,(z) is of component ype or L E HS and 
C,(z) 2 S,/Z,, Qi. In all cases characterizations of L by C,(z) imply C,(z) 
is maximal in G, so we need only exhibit H < G with T Q H 4 C(z). If 
L E MC, N,(J(T))/O,(N,(J(T)) is of index at most 2 in S, X S, and we may 
choose H ,< N(J(T)). If L ? Ly, then T < K < L with Kg Z,/Mc/Z, and we 
choose H < NK(J(r)). If L g HS or ON there is a weakly closed subgroup 
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W 1 (Z,)” of T with NG( w)/O,(iVJIV)) r L,(2) and we choose H < N( IV). 
If L g J,, choose H< N(T). Finally if L 1 COG, L has a subgroup 
NZ A,/& and we choose H/O,(N) to be a suitable minimal parabolic of 
~/O*(W. 
Notice that Theorem 8 in Section 4, (5.3)-(5.6), and (5.9) constitute a 
proof of Theorem A. 
Now that Theorem A is established, Theorem B presents no difficulties. 
Assume G is a counterexample. Then, as in (5.1), G = AL. Without loss, A is 
a maximal elementary abelian 2-subgroup of G. Evidently C,(a) < M for all 
UEA#. 
By Theorem 9, L @ G*(q), q odd. If L z L,(q), q > 5 odd, then by 
Theorem A, M = N,(Z(T)), so for a E A - Z(T), C,(a) 4 M. If L 2 L3(2”) 
or Sp,(2”), then by Theorem A there exists a E A acting nontrivally on the 
Dynkin diagram of L. But then C,(a) 4 N,(Tn L) = M, a contradiction. 
Similarly if L is a Bender group, then A < L. Moreover Lg U3(2”), or else 
A < K < L with Kg L,(2”), and of course K 4 N,(T) = M. This leaves only 
LrA,, m = 2” + 1 > 5. By Theorem A, M is the stabilizer of a point 
a E: l2 = {l,..., m); so as C,(a) <M, a is semiregular on 0 - {a} = r. Thus 
A is semiregular on r. But now as L,(2”) has a representation of degree m in 
which a Sylow 2-group is regular on 2” points, A <K < L with K g L,(2”) 
2-transitive on Q., and in particular, K 4 M, a contradiction. 
This establishes Theorem B. 
6. SOLVABLE SUBGROUPS CONTAINING A SYLOW ~-GROUP 
In this section G is a finite group with F*(G) = L, q = pe is a power of the 
odd prime p, II = f , q = (71 1) (mod 4), TE Syl,(G), and either L E G*(q) 
and A = Fun(T), or L g L*(q) and A = {L}. Let K E A. 
Before beginning we interject a preliminary result. 
(6.1) Let Hz A,, or S,, Syl,(H), and S Q X < H with X solvable. Then 
X is a (2,3}-group. 
ProoJ Assume otherwise, we may take X to be a {2, P}-group for some 
prime p > 3. Represent G on R = {l,..., n} and, for A < G, let M(A) be the 
points of Q moved by A and Fix(A) the points fixed by A. Let r be the set of 
4-subgroups A of G with M(A) of order 4. Set 0 = rn T and W = (0). 
Observe that if A and B are distinct members of r with Y = (A, B) solvable, 
then either M(Y) is of order 6 and Y z S,, or M(Y) is of order 8 and 
Y=A XB (e.g., [5]). In particular W4 X and W=A, x ... xA,, 
m = [n/4], 0 = {A ,,..., A,,,}, and 
O=M(A,)t ..~tM(A,)+Fix(W). 
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Let P E Syl,(X). Then P, fixes M(Ai) and Fix(IV) pointwise, since 
p > 4 > ] M(A J] and ] Fix( FV)]. Hence P, = P, = 1. Therefore P z Pe ( X6 = 
PeTe < S,, and we have a contradiction by induction on n. 
(6.2) Assume B is an abelian subgroup of G of odd order such that BT = 
TB, m,(B) < 2, with m,.(G) < 3 in case of equality, for each r E x(B), no 
element of B induces a Jield or graph--eld automorphism on L, and 
A = 03(B) # 1. Set D = N,(K) and E = [O(BT), z(K)]. Then 
(1) If Ef 1, then E=BzE~, LrL,(p), and T acts irreducibly 
on B. 
(2) Either A = (A nK) C,(K) or L r L,(p) and B = E. 
(3) Zf A n K # 1, then B = C,(K)(B n K) and B n K is inverted in 
TnK. 
(4) If L z L;(q), then either B = (B n K) C,(K) and B n K is 
inverted in N,(B) n C(C,(K)), or E = B. 
Proof: As B is abelian and BT= TB, BT is solvable by a theorem of 
Phillip Hall. Set 6’ = {T f7 J: J E A ). Suppose E # 1. Then as 0 s N(E) and 
m,(E) < 2 for each r E x(B), I!? - (Tn K} = 8, s C(E). Hence E centralizes 
A,, = d - {K}, so E < X= (C&l,,)). But by (4.5), either X= K or L z 
L;,+,(q) and X/Z(X) E L;(q). As E = [E, Tn K] is abelian of rank 2, we 
conclude L E L2,,+,(q) and E z Ep2. But by hypothesis, m,(G) < 3, so 
L z L,(p) and C,(E) = E. As B < C,(E), we get B = E, so that (1) holds. 
Moreover (2) - (4) hold also in this case, so in the remainder of this lemma 
we may assume [z(J), O(BT)] = 1 for each J E A. So as BT is solvable, 
Theorems 1 and 2 in [ 1 ] imply that A < N(A). Indeed AT’ < p(G), while by 
Theorem 2 and (6.1), TA permutes with no nontrivial r-subgroup of p(G) for 
r>3.HenceAA=1,sothatA(D. 
As no member of B induces lield or graph-field automorphisms on L, D < 
KC(K). Now from Dickson’s list of maximal subgroups of L,(q) in 191, 
either D/C,(K) = 3 or D/C,(K) is a cyclic subgroup of order dividing q - )TC, 
invariant under, and inverted by, Tn K. In the latter case 
D=[TnK,D]C,(TnK)=(DnK)XC,(K). Moreover if AnK#l, 
then cerjainly the latter case holds, while as B is abelian and A n K is 
contained in a unique conjugate of K, B = D, so that (3) holds. On the other 
hand, if A f7 K = 1, then, in either case, A < C,(K). Therefore (2) holds. 
Finally assume L E L;(q). If A n K # 1, then (3) implies (4), so by (2) we 
may take [A, K] = 1 # [B, K]. We observed earlier that IB : C,(K)1 = 3. 
Now as (Tf? L)K&,,,, (K) z PGL,(q) with [C,(K), Tn L] = 1, and as 
BT = TB, B/C,(K) is again inverted in NC,,,(B) n C(C,(K)), so that (4) 
holds. 
(6.3) Let B be a subgroup of prime order r > 3 in N,(T). Then either 
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(1) B induces field automorphisms on L, or 
(2) L 2 L;(q) or E;(q), q SE E (mod r), B is in a Cartan group H of 
LB, [B, T] = 1 = [B,A], and L = (N,(O,(H)),A). 
Proof. Assume otherwise. Evidently the hypothesis of (6.2) are satisfied 
with [O(BT), z(K)] = 1 and B = 03(B). Hence by (6.2(2)) and (6.2(3)), 
either [B, K] = 1 or B is inverted in Tfl K. As B < N(T), the latter is out. 
Thus [B,A] = 1. 
Suppose L is a classical group and let V be the natural projective module 
for LB. Assume first L g L;,+,(q), 0 < a < 1, or PSp,,(q), and decompose 
V as in (2.1(4)). As [B, d] = 1, B induces scalar action on Vi for each 
0 < i< n, so that B in a Cartan group H of LB. Moreover B acts 
nontrivially on some Vi, so L g L;,+,(q) and q = E (mod r). Next assume 
L r Q;,+,(q), in the notation of (2.2), and decompose V as in (2.2(5)). As 
[B, A] = 1, [B, Vi] = 1 for 1 < i < n, so B is faithful on VO. But no subgroup 
of prime order r > 3 in G(V,,) acts on T, a contradiction. 
By inspection, if L z G,(q) or 3D,(q), hen C,(A) is a 2-group. Thus either 
L z F‘s(q), Wqh Wq), or E,(q), or L z L;(q), in which case we must show 
L = (A, N,(O,(H))). Set X = (C,(K)). As L;(q) E Q;(q), L Sk L;(q). If 
L z L;(q), by inspection, L = (K, NL(O,(H))). In all remaining cases the 
natural graph Q?(Q) on $2 is connected by Theorems 6 and 8 in [ 11. Hence B 
is faithful on X. But K ga (A, T), so N,(K) E Sy12(iVc(K)), and hence by 
induction, X/Z(X) z L;(q) and X= (A, N,(O,(H))). Thus L z L:(q) or 
E6(q) by Theorem 1, while L = (C,(K), C,(J)) < (NL(O,.(H)), A) for 
J E C,(K). 
REFERENCES 
1. M. ASCHBACHER, A characterization of Chevalley groups over fields of odd order, Ann. 
Mafh. 106 (1977), 353468. 
2. M. ASCHBACHER, The uniqueness case for finite groups, preprint. 
3. M. ASCHBACHER, Weak closure in finite groups of even characteristic, preprint. 
4. M. ASCHBACHER, Finite groups of rank 3, preprint. 
5. M. ASCHBACHER, Standard components of alternating type centralized by a 4-group, 
preprint. 
6. A. BOREL AND J. TITS, Elements unipotents et sousgroupes paroboliques de groups 
reductifs, I, Invent. Math. 12 (1971), 95-104. 
7. J. CONWAY, Three lectures on exceptional groups, in “Finite Simple Groups,” pp. 25, 
Academic Press, New York, 1971. 
8. U. DEMPWOLF, A characterization of the Rudvalis simple group order 214 33 
53 7 13 29 by the centralizer of noncentral involutions, J. Algebra 32 (1974), 53-88. 
9. L. DICKSON, “Linear Groups,” Dover, New York, 1958. 
10. B. FISCHER, Finite groups generated by 3-transpositions, preprint. 
11. H. MITCHELL, The subgroups of the quaternary abelian linear group, Trans. Amer. Math. 
Sot. 15 (1914), 379-396. 
424 MICHAEL ASCHBACHER 
12. N. PATTERSON, “On Conway’s group .O and some subgroups,” Dissertation, Cambridge 
University. 
13. F. TIMMESFELD, Finite simple groups in which the generalized Fitting group of the 
centralizer of some involution is extraspecial, Ann. Math. 107 (1978), 297-369. 
14. M. ASCHBACHER AND G. SEITZ, On groups with a standard component of known type, 
Osaka J. Math. 13 (1976) 439482. 
